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misalignment effects. Also, a simple method of discretization
that is suitable for programming is discussed here. At this
stage, it is suggested that the entire problem of the static
aeroelastic analysis of guided launch vehicles, including
various misalignment effects, may be approached
systematically in order to find out which factor has the
greatest contribution to the aeroelastic behavior of the
vehicle. As a first step, one may analyze this problem by
including the flexibility of vehicle and assuming rigid joints.
Later, joint rotations, misalignment effects, etc., may be
included in succession. This will provide a clear picture to the
understanding of the problem. Also, it may be of considerable
help to the designer before he takes up the dynamic aeroelastic
investigations.
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Comparison of Rocket Nozzle
Heat Transfer Calculation Methods

Tarit K. Rose*
Indian Institute of Technology, Madras, India

cf
D
EC
F,G,H
f,
h
h°
h°
k
M
Pr

str
s

T

utv

V

Nomenclature
density-viscosity ratio, Eq. (5d)
friction coefficient = 2rw/ (peU2

e)
local diameter of nozzle, m >
Eckert number, Eq. (5j)
functions defined in Eqs. (5g-i)
ii/Ue
specific enthalpy, J/kg
specific total enthalpy, J/kg
dimensionless total enthalpy
heat conductivity coefficient, W/m-K
Mach number
heat flux, W/m2

Reynolds number based on 6 and 6#, respectively
recovery factor, Eq. (2b); local radius from axis
of nozzle, m
local nozzle wall radius, m
Stanton number based on recovery temperature
transformed coordinate along nozzle wall,
Eq. (5b)
temperature, K
freestream gas velocity, m/s
gas velocity components along and normal to
wall, m/s
dimensionless normal velocity, Eq. (5a)
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x,y = physical coordinates along and normal to wall, m
j8 = pressure gradient parameter, Eq. (5e)
7 = specific heat ratio
6* = displacement thickness = J* [1 - (pu/pe Ue) ] dy, m
dH • = enthalpy thickness = \" (pu/p.eUe) (\-h°) dy, m
e = eddy viscosity coefficient, m 2 /s
eh = eddy conductivity coefficient, m2 /s
r; = transformed coordinate, Eq. (5c)
0 = momentum thickness, m

= ̂ (pu/PeUe)[l-(u/Ue)]dy
fji = dynamic viscosity coefficient, kg/m-s
v = kinematic viscosity coefficient, m2 /s
i// = stream function, kg/m-s
p = mass density, kg/m3

TW = shear stress on wall, N/m2

w = viscosity-temperature exponent in relation \L ~ T"

Subscripts and superscripts

(~ ) = time-averaged property
e = inviscid flow property
r — property at recovery temperature or enthalpy
s,vi,x,y ~ derivatives with respect to the coordinate,

respectively
w = property at the wall
( )* = property at recovery temperature or enthalpy

Introduction

H EAT flux and boundary-layer thickness for a rocket
nozzle with real-gas properties are compared in the

present Note for the purpose of evaluating the applicability of
two approximate methods: fully developed turbulent pipe-
flow applied to rocket nozzles by Bartz,! and an integral
method by Bartz.2 A differential method,3 which has not
been applied previously to realistic rocket nozzle heat transfer
calculations, is used here for comparison. Inviscid flow
properties for one-dimensional equilibrium flow required for
all three methods were computed for a typical solid-propellant
rocket of about 75 cm exit diameter and an approximate
throat to exit area ratio of 0.2 (Fig. 1). All calculations were
done for the nozzle wall temperature of 300 K.

Not to scale

Fig. 1 Inviscid flow properties of a rocket nozzle.
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Method
The simple fully developed turbulent pipe-flow formulas

proposed by Bartzl to calculate heat flux in a rocket nozzle
are

(la)Nu = 0.026(p* UeD/n*) '°'*Pr*

q=(k*Nu/D)(Tr-Tw)

where the properties with superscript asterisk denote those
determined for the reference enthalpy

*=he + 0.5(hw-he)+0.22(hr-he) (2a)

In the above equations hr and Tr are recovery enthalpy and
temperature, respectively, which, for turbulent boundary
layers, are determined from the following relations:

= l+[r(y-l)Me
2/2] (2b)

Equations for the change of momentum and enthalpy
thickness, obtained with the integral method of Bartz2 are

dx

d6,

2+(6*/0)-M,2
™L]
dx JD dx Me(l+[(y-l)/2]Me

2} dx
(3a)

dD d-Me
2)

Me[l+[(y-l)/2]Me
2}

_dM1l
2\ dx J

(3b)

where it has been assumed that the walls are impermeable and
maintained at constant temperature. The friction coefficient
and the Stanton number based on the recovery temperature
follow the empirical relations

cf=

PeUe(hr-h») - -OH

(RdH=p*UedH/n*)

(3c)

(3d)

For the differential method, the transformed boundary-layer
equations are

= 0 (4a)

Pe/P)-//]=^ (4^>)

L=.0 (4c)

where

r ( p / P e ) d y

h°=(h°-hw)/(h°e-hw)

(5a)

(5b)

(5c)

(5d)

(5e)

(5f)
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Fig. 2 Comparison of heat flux, momentum thickness, and enthalpy
thickness.

F=(r/r0)2C[l+(e/v)]

G=(r/r0)2C[l-Pr->]Ecf^

(5g)

(5h)

(50

Ec=Ue
2/[2(h°e-hw)]

Equations (4a-c), together with the usual boundary con-
ditions, are solved by the Runge-Kutta method first for a
laminar, locally similar boundary layer, and at subsequent
planes downstream by a modified finite-difference iterative
scheme of Blottner.5 The required eddy viscosity coefficient is
calculated by the Cebecci-Smith method3 for the velocity
gradient in the inner layer and the local boundary-layer
thickness in the outer layer. The eddy conductivity coefficient
is obtained3 over the turbulent Prandtl number.

Numerical Results and Conclusions
The first two methods require a knowledge of the specific

heat ratio 7. Local values of 7 for the equilibrium com-
position of the rocket exhaust gas used in these calculations
changed from 1.18 in the combustion chamber to 1.29 at the
exit plane. The value of w, needed in the integral method, was
0.75. A few sample calculations with the differential method
for both laminar and turbulent boundary layers in high-
temperature gas flows showed small, even negative, values of
the shape factor which is the ratio of displacement to
momentum thickness. Thus, calculations by the integral
method were performed with the quite realistic shape factors
of 0 and -0.4. No noticeable difference in results with the
two shape factors was found.

Finally, numerical results for the heat flux, momentum
thickness, and enthalpy thickness, obtained by the three
methods are shown in Fig. 2. It is seen that the fully developed
turbulent pipe-flow method gives lower heat fluxes in regions
where it matters, although it gives an order-of-magnitude
correct result. Further, the integral method gives a quite
satisfactory result for heat flux and its distribution, although
the various boundary-layer thicknesses determined by the
method are altogether unsatisfactory.
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Technical Comments.
Comment on " Singularity-Free

Extraction of a Quaternion from
a Direction-Cosine Matrix"

Richard A. Spurrier*
Honey well Avionics Division, St. Petersburg, Fla.

KLUMPP1 describes a direction-cosine matrix to
quaternion conversion algorithm which, although valid

for all rotations, is unnecessarily sensitive to numerical im-
precision. This imprecision can come from the algorithm
which produces the direction-cosines or simply from the
limited length of the registers that realize the direction-
cosines. The sensitivity can be seen by noting that the
magnitudes of the quaternion components are computed from
the diagonal elements of the direction-cosine matrix. For a
rotation of an angle </> about the first axis, the diagonal
elements are, in order, 1, cos<£, cos<£. For small <j> the off-
diagonal elements, sin$ and -sin<£, are more suitable
numerically for determining <f>.

In general, since the magnitudes of the quaternion com-
ponents are computed as square-roots, the squares of the
components are most closely related to the direction-cosine
matrix elements. The sensitivity of the magnitude 6 of a
rotation caused by an error in the square of a quaternion
component q{, to the error, can be expressed

dd
(1)

Thus precision is reduced whenever any quaternion com-
ponent is small. This occurs for small rotations, for rotations
about an axis nearly perpendicular to a reference axis, and for
rotations of nearly 180 deg about any axis. Floating-point
arithmetic is of little benefit because the expression for the
square of each quaternion component contains a large
constant term which limits the scaling reduction.

The following algorithm retains precision for all rotations
by computing only the component of largest magnitude as a
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square-root and by using only this component as a divisor in
computing the other components. Since there is always at
least one component of magnitude greater than or equal to l/2,
numerical imprecision will have a limited effect on precision
and will not cause a negative square-root argument or division
by zero. The expressions follow immediately from the ex-
pression for a direction-cosine matrix in terms of quaternion
components (given in Klumpp1). Klumpp's notation is
followed but, in some cases, the (equivalent) negative
quaternion is computed.

Choose the largest (algebraically) of tr(M), Mu ( /= 1-3).
If tr(M) is largest, compute the quaternion using the
following expressions:

qi=(MkJ-MM)/4q0 (1 = 1-3)

(2)

(3)

where j and k are'chosen so that /, j, A: is a cyclic permutation
of 1, 2, 3. If tr(M) is not largest, use the following ex-
pressions:

qi=(Ml>i+Mu)/4ql d=j,k)

(4)

(5)

(6)

where /, y, k is the cyclic permutation of 1, 2, 3 such that Mu
is the largest above.

The precision of this algorithm was verified with a Fortran
program. Quaternions were converted to direction-cosine
matrices and then converted back using both algorithms.
Precision, with respect to the magnitude of the error, was
reduced with Klumpp's algorithm whenever any quaternion
component was small, while full precision was always
retained with the above algorithm. Precision, with respect to
the direction of the rotation (of interest when computing the
eigenvector of the direction-cosine matrix), was reduced with
Klumpp's algorithm whenever a quaternion vector com-
ponent was small, while full precision was retained with the
above algorithm even (because of the floating point arith-
metric) for small rotations.
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